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Abstract. In this paper we investigate metric properties of the groups Td(q) whose Cayley graphs 
are the Diestel-Leader graphs DLd(q) with respect to a given generating set Sd,q- These groups 
provide a geometric generalization of the family of lamplighter groups, whose Cayley graphs with 
respect to a certain generating set are the Diestel-Leader graphs DL2(q). Bartholdi, Neuhauser 
and Woess in [1] show that for d > 3, Fd(q) is of type Fd—i but not Fd- We show below that these 
groups have dead end elements of arbitrary depth with respect to the generating set Sd, q , as well 
as infinitely many cone types and hence no regular language of geodesies. These results are proven 
using a combinatorial formula to compute the word length of group elements with respect to Sd, q 
which is also proven in the paper and relies on the geometry of the Diestel-Leader graphs. 



1. Introduction 

We investigate the metric properties of a family of groups whose Cayley graphs with respect to a 
carefully chosen generating set are the Diestel-Leader graphs DLd(q). These graphs are subsets of 
a product of d infinite trees of valence q + 1. We call these groups Diestel-Leader groups and denote 
them Td(q)- More general Diestel-Leader graphs were introduced in [6] as a potential answer to 
the question "Is any connected, locally finite, vertex transitive graph quasi-isometric to the Cayley 
graph of a finitely generated group?" It was first shown in [7] that DL2(m,n), the Diestel-Leader 
graph which is a subset of a product of two trees of valence m + 1 and n + 1 respectively, is not 
quasi-isometric to the Cayley graph of any finitely generated group when m ^ n. It is proven in 
PQ that Diestel-Leader graphs which are subsets of the product of any number of trees of differing 
valence are not Cayley graphs of finitely generated groups. 

It is well known that the Cayley graph of the wreath product L n = Z n ?Z, often called the lamplighter 
group, with respect to the generating set {t, ta, ta 2 , . . . , ta 71 ' 1 } (where a is the generator of Z n and 
t generates Z) is the Diestel-Leader graph DLi{n). This graph is a subset of the product of two 
trees of constant valence n + 1. The groups we study below provide a geometric generalization of 
the family of lamplighter groups, as their Cayley graphs generalize the geometry of the lamplighter 
groups, that is, their Cayley graphs with respect to a natural generating set Sd >q are the "larger" 
Diestel-Leader graphs DLd(q), which are subsets of the product of d trees of constant valence q + 1, 
and are defined explicitly in Section [2] below. 

Bartholdi, Neuhauser and Woess in [T] present a construction of a group which we denote Td(q), a 
generating set Sd, q and an identification with the graph DLd(q) which they prove to be the Cayley 
graph T(Td(q), Sd,q). Moreover, they provide a simple metric criterion for when their construction 
holds, namely either d = 2, d = 3 or if d > 4 and q = p^p^ 2 • • -pf- r 1S the prime power decomposition 
of q, then pi > d — 1 for all i. They show that the groups Td(q) are type Fd-i but not Fd when 
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d > 3, hence not automatic. We note that there are still open cases where it is not known whether 
DLd(q) is the Cayley graph of a finitely generated group; the smallest open case is DL±(2). 

Random walks in the Cayley graph T(Td(q), Sd, q ) are studied in p], and a presentation for the 
group is given explicitly. For example, when d = 3 Bartholdi, Neuhauser and Woess obtain the 
presentation 

r 3 (m) = (a, s, t\a m = 1, [a, a'] = 1, [s, t] = 1, a s = aa*}. 

When m = p is prime, it is shown in [5] that T^(p) is a cocompact lattice in S0I5 (¥ p ((t))), and that 
its Dehn function is quadratic. The Dehn function of T^(m) is studied for any m in [U] where it is 
shown to be at most quartic. It was mentioned to the authors by Kevin Wortman that arguments 
analogous to those of Gromov in [3] imply that the Dehn function of Vd(q) is quadratic regardless 
of the values of d > 3 and q. When the relation a m = 1 is removed from the presentation above, 
one obtains Baumslag's metabelian group T which, in contrast to T 3(171), has exponential Dehn 
function [9]. Baumslag defined this group to provide the first example of a finitely presented group 
with an abelian normal subgroup of infinite rank. 

It is noted in [1] that Td(q) is in most cases an automata group, hence a self-similar group. Metric 
properties of self-similar groups are in general not well understood. In this paper we seek to 
answer many of the standard geometric group-theoretic questions related to metric properties of 
groups and their Cayley graphs for these Diestel-Leader groups Td(q). Such properties often rely 
on the ability to compute word length of elements within the group; we begin by proving that a 
particular combinatorial formula yields the word length of elements of Td(q) with respect to the 
generating set S^q- This formula relies on the symmetry present in the Diestel-Leader graph, and 
we subsequently use it to prove that Td(q) has dead end elements of arbitrary depth with respect 
to Sd t q- This generalizes a result of Cleary and Riley OH] which proves that 1^(2) with respect 
to a generating set similar to S3 2 has dead end elements of arbitrary depth, the first example of 
a finitely presented group with this property. The word length formula is used in later sections to 
show that Td(q) has infinitely many cone types, and hence no regular language of geodesies with 
respect to S^q- 



2. Definitions and Background on Diestel-Leader graphs 

To define DLd(q), let T be a homogeneous, locally finite, connected tree in which the degree of 
each vertex is q + 1. This tree has an orientation such that each vertex v has a unique predecessor 
v~ and q successors 101,102, • • • ,w q such that w~ = v for 1 < i < q. The transitive closure of the 
set of relationships of the form v~ < v induces the partial order =<!. In this partial order, any two 
vertices v,w £ T have a greatest common ancestor v Xw. Choose a basepoint o £ T, and define a 
height function h(v) = d(v, o A v) — d(o, o A u), where d(x, y) denotes the number of edges on the 
unique path in T from x to y. With this definition, note that h(v~) = h(v) — 1. 

Let Ti, T2, • • • ,Td denote d copies the tree T, with basepoints Oj and height functions hi for 
1 < % < d. The Diestel-Leader graph DLd(q) is the graph whose vertex set Vd(q) is the set of 
d-tuples (xi, X2, • • • , Xd) where Xj is a vertex of for each i, and hi(x\) + • • • + hd(xd) = 0. Two 
vertices x = (x\, . . . , Xd) and y = (yi, . . . , yd) are connected by an edge if and only if there are 
two indices i and j, with i ^ j, such that cc, and y^ are connected by an edge in Tj, Xj and yj are 
connected by an edge in Tj, and x^ = y^ for k 7^ 

There is a projection II : Vd(q) — > (Z 2 ) d given by 

n(x) = II(xi, x 2 , ... ,x d ) = ((mi,h), (m 2 ,h), ■■■ , (m d , Id)) 
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where mi = d(oj,Oj X X{) and U = d(xi,Oi X x{). In particular, < rrii and < k for all i. Note 
that in Tj, the shortest path from Oj to Xi has length rrii + li, and recall that hi{xi) = li — rrii. The 
defining conditions of the Diestel-Leader graph ensure that Yli=i h — m i = 0. 

In pQ it is shown that these graphs are Cayley graphs of certain matrix groups, when a simple metric 
condition is satisfied. Specifically, let C q be a commutative ring of order q with multiplicative unit 
1, and suppose C q contains distinct elements 1%, . . . , ld-i such that if d > 3, their pairwise differences 
are invertible. Define a ring of polynomials in the formal variables t and (t + U)" 1 for 1 < % < d— 1 
with finitely many nonzero coefficients lying in 

7^(£ 3 ) = C q [t, {t + h)-\ {t + l 2 )~\ .••,(* + /d-i)" 1 ]. 

It is proven in [T] that the group Td(C q ) (which we denote by Td(q)) of affine matrices of the form 

i > with fci,^,--- , 6 2 and P e K d (£ 5 ) 

has Cayley graph DL d (q) with respect to the generating set S d)q consisting of the matrices 

t + k b x ::1 



, with b E C q , i E {1, 2, • • • , d — 1} and 
(t + Z,)(* + Zj)- 1 -b(t + lj) 



o i ' ~ 

-l i 



() 1 ) , with6€/: 9 , i,j G {1,2,-. ■ ,d-l}, i + j- 

This construction holds for any value of q when d = 2 or d = 3, and when d > 4 and g = p'f 1 ^ 2 ' ' ' Pr r 
is the prime power decomposition of q, we require that pi > d — 1 for all i. We refer the reader to 
PQ for more details on this construction and the identification between the group and the Cayley 
graph DL d (q). 

In exploring the metric properties of the groups Td(q), and hence the Cayley graphs DLd(q), one 
often needs to keep track of edge types along a path in DL^q) rather than the specific generators 
which label the edges along the path. Given any vertex x = (xi,X2, ■ ■ ■ ,Xd), by an edge of type 
ej — Gj emanating from vertex x we mean an edge with one endpoint at x and the other at 
V = (yi,V2, ■■■,Ud) where y k = x k for k yi = and yj = xj . Note that hi{yi) = h^x^ + l 

and hj(yj) = hj(xj) — 1. There are exactly q possible choices for j/j, so there are q distinct edges of 
type ej — e^- emanating from x. 

Since the vertices of DLd{q) are identified with the elements of Td(q), we abuse notation and 
consider the projection map II to be a map from the group Fd(q) to (Z2) , and write 

U(g) = U(x = (xi,x 2 ,.. .,x d )) = ((mi(g),h(g)), (m 2 (g), h(g)), • • • , (m d (g),l d (g))) 

when g G F d (q) is identified with the vertex x in DL d {q). We remark that the basepoint vertex 
o = (01, . . . , l d ) in DL d (q) is identified with the identity element in T d (q). 



3. Computing Word length in T d (q) with respect to S d>q 



Let S dt q be the generating set for F d (q) so that the Cayley graph T(T d (q), S d! q) is DL d (q). We will 
show that the word length of an element with respect to S dtq depends only on 11(g), and not on g 
itself. In the course of establishing the formula for word length, it is often sufficient to keep track 
of the edge types along a path, rather than the edge labels themselves. Given a vertex v G DL d (q), 
we have defined edges of type e, — ej emanating from v. By a path of type aia 2 • • • a r starting at 
v, where a k = (ej fc — ej k ) Pk , with p^ > for each k, we mean a path beginning at v which follows 
pi edges of type e^ — e^ , then p 2 edges of type ej 2 — ej 2 , and so on. 
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We begin by denning a function / from T d (q) to the natural numbers, a candidate for the word 
length function I : T d (q) — > N for elements of T d (q) with respect to the generating set S d<q . 

Definition 1. LetgeT d (q), with 11(g) = ((mi (5) , h(g)) , (m 2 (g) , h(g)) , ■ ■ ■ ,(m d (g),l d (g))), and a 
in the symmetric group on d letters. Define 

• 4r(d)(s) = Ej=i m a(j)(g) and A a{i) (g) = Y!j= 2 m cr(j)(g) + Efe=i l a{k)(g) for 2 < i < d- 1. 

• /<t(0>*) = ^(ljCff) + + K(i)(a) for2<i <d. 

• /<r(s) = m&x 2 <i<dfa(g,i)- 

• /(fl) = muvgEd 7^(5). 

In order to establish that the function / defined above is the word length function, we use the 
following general lemma. 

Lemma 1. Given a group G with generating set S , let I : G —> N be the word length with respect 
to S. If f : G — > N is another function satisfying 

(1) /(<?) = if and only if g is the identity element, 

(2) For every geG, 1(g) > f(g), 

(3) For every g G G, there exists some s € S with f(gs) = f(g) — 1, 
then 1(g) = f(g) for every g € G. 

Proof. Let g G G, and suppose f(g) = n. Then by property (3) there exist si, s 2 , ■ ■ ■ , s n £ S 
satisfying f(gsis 2 ---s n ) = 0. By property (1), g = s' 1 ■ ■ ■ s 2 l s^ 1 , so 1(g) < f(g). Hence by 
property (2) we have 1(g) = f(g). □ 

Clearly, for the function / defined in Definition [T] we have f(g) = if and only if g is the identity 
element. The other two properties of the function / will be verified in Propositions [2] and [8] below. 
It then follows from Lemma [1] that the function / defined in Definition [T] is the word length function 
for T d (q) with respect to the generating set S dl q- 

Proposition 2. Let g G T d (q) with 11(g) = ((mi, (5), h (g)), (m 2 (g), l 2 (g)), ■■ ■ , (m d (g),l d (g))) , let 
f(g) be as in Definition^ and let 1(g) be the word length of g with respect to the generating set S dq . 
Then 1(g) > f(g). 

Proof. Let 7 be a path of length n in DL d (q) from o to the vertex x identified with g, thus 7 
corresponds naturally to a word aia 2 as ■ ■ ■ a n with a-i G S d ,q for 1 < i < n. We will show that for 
some choice of a G we have n > f a (g,i) for every 2 < i < d. It follows that n > f a (g) > f(g), 
and thus 1(g) > f(g). 

We begin by choosing the permutation a G S^. Along the path 7 from o to x, there must be points 
where the k th coordinate is yt- = Ok In for 1 < k < d. Let v 1 be the first such point, so vj = y. L1 
for some i\ with 1 < i\ < d. By the definition of v 1 , we know that vl X xp. = yp. for k 7^ i%. 
Thus, on the portion on the path from v 1 to x, there must be points where the k th coordinate is 
Uk = Ok A. Xk for each 1 < k < d, k ^ i\. Let v 2 be the first such point, so v? = yi 2 for some i 2 
with 1 < i 2 < d, % 2 7^ i\. Continuing in this manner, we define points v , v 2 , ... ,v d , each with a 
distinct associated coordinate ii,i 2 , ■ ■ ■ i d such that the coordinate of v k is y. Lk . Let a G T, d be 
the unique permutation defined by o~(k) = ik for 1 < k < d. 

First we consider the point v 3 , for 2 < j < d — 1, and suppose that the prefix a\ . . . a r corresponds 
to the subpath of 7 starting at o and ending at v 3 . Then for every p with 1 < p < j the path 
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a\ . . . a r must contain at least m a ^(g) edges of type e t — e^), where t ^ a(p) may vary by edge, 
so r > Ylp=i m a(p)(g)- However, for every p with j < p < d, the path o r+ i . . . a n must contain at 
least l a ( p )(g) edges of type e a{p) - e t , where t / a(p) may vary by edge, so n - r > Yf p =j l a( P )(g)- 
Thus, 

3 d 

n = r + (n-r)>J^ m a{p) (g) + ^ l a{p) (g) 
p=l P =j 

= m a{ i)(g) + A a(j)(g) + ia(d)(g) 
= fa(g,j) 

for every 2 < j < d — 1. 

For the case j = d, we use a slightly different argument. In this case, let ai . . . a r be the path from 
o to v 1 , and let a r +i . . . a s be the path from v 1 to v d . Then the path a\ . . . a r must contain at least 
m a(i)(g) edges of type e t — e a (i), so r > m a ^(g). Similarly, the path a s+ i . . . a n must contain at 
least l c (d){9) edges of type e a{d) - e t , so n - s > l a ( d )(g). 

For each p / 1, Va{p) v a(p) = V^ipji so f° r each such p, there must by at least ^o-(p)(v(p)) ~~ 
h<j(p) (Va(p)) letters corresponding to generators of type e t — e a (p) for various choices of t in the word 
a r+ i ■ ■ ■ a s . Thus, s - r > Y?p=2 h ^p)( v l( P )) ~ K{p) {Va(p) ) • Now since *£%=\ h °(p)( v l( P )) = and 

h ^)( v l(i)) = - m cr(l)(g), w e must have Y?p=2 h °(p)( v l( P )) = - h °(i)( v l(i)) = m a(i)(g)- Further- 
more, K( p) (y a ( p) ) = -m u{p) (g) for every 2 < p < d. Hence, 

d 

p=2 

d 

= - ^/i CT (p)(y CT ( rt ) 

p=2 

d 

= J2 m v( P )(g) = A *(d)(g)- 
P =i 

Thus we have 

n = r + (s — r) + (n — s) 
> + A a{d) (g) + l a(d ){g) 

= fa(g,d). 

Hence, we have shown that n > f a (g,j) for every 2 < j < d, as desired. 

□ 

To complete the argument, we must prove that / satisfies the third and final property of Lemma 
[TJ In doing so, it is often necessary to keep track of which values of l x (i){g) in H(g) are zero for a 
given permutation Xi so we first prove several preliminary lemmas. 

Lemma 3. Let x £^d be any permutation and g € T d (q) any nontrivial element. 
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(1) Ifl x (d)(g) = 0, let n be the maximal value of j with 1 < j < d — 1 so that l x (j){g) 0- Then 

max^ (j) ( 5 ) = ^max = ^ x(j) ( 5 ) 

(2) // l x m (g) = 0, let k be the minimum value of j with 2 < j < d so that l x (j)(g) ^ 0. Then 



Proof. Since g is nontrivial, the values of n and k defined in the statement above both exist. The 
proof of (1) follows from the fact that if l x ( n +i)(g) = l x ( n +2)(g) = ■ ■ ■ = l x (d-i)(g) = 0, then for 
n+1 < i < d-1 we have A x ^(g) < A x(d) (g). Similarly, to prove (2), if l x{2) (g) = ■■■ = i x(jfc _ 1 )(ff) = 
for 2 < i < k — lwe have A x ^(g) < A x ^(g). □ 

Lemma 4. Fix g € Td(q). Let a G T,^ with l a (\){g) = 0. Let r G 6e defined by r(i) = o~(i + 1) 
/or 1 < i < d and r(d) = o~(l). Then f a (g) > fr(g)- 

Proof. First note that for 2 < i < d — 2 we have 

4x(i+i) (5) = "V(2) (5) + • • • + m<j{i+i) (g) + (g) + ■ ■ ■ + la(d-i) (g) 

and 

A T (i){g) = m T (2){g) h 1- m T (i){g) + K(i){g) h — K{d-i){g) 

= "V (3 ) (5) H 1- "V(i+i) (fl 1 ) + (5) H 1- (5) ■ 

Hence for 2 < i < d — 2 we have 

Ax(z+i)(sO =^r(i)(ff) + w<7(2)(f) -i*(d)(g)- 

The lemma is clearly true if 5 is the identity element, so we may assume for the remainder of the 
proof that g is nontrivial. Using the definition of k given in Lemma [3] we have max2<i<<2 A a u\ (g) = 
max fe <j< rf .A IT ( i )(5), we may assume that f a (g) = f a (g,i) for k < i < d, that is, f a (g) = m aW (g) + 
Z<r(<i) (g) + Ar(i) (g) for some i with k < i < d. We must show for each j with 2 < j < d that 
fa(g,i) > fr(g,j)- From this it follows that f a {g) > f T (g) as desired. We consider three subcases, 
as follows. 

Case 1. Suppose that 2 < j < d — 2. Using the formula above, we see that 
/aO,?) = m^ig) + l a (d)(g) +A a ( i) (g) 

> m a(l)(g) + ^cr(d) (ff) + A a{j+1) {g) 

= ma(l)(g) + l a(d)(g) + A r{j){g) + m a(2){g) ~ la(d)(g) 

> m a(2)(g) + A r(j) (g) = m T (i)(g) + l T {d){g) + A T{j) {g) 
= fr(g,j) 



where the first inequality holds because f a {g) = f a {g,i) and thus A a ^(g) > A a ^{g) for i 7^ j, and 
the penultimate equality holds because l T (d)(g) = Z CT (i)(<7) = 0- 
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Case 2. Suppose that j = d. Then, 

fa{g, i) = (g) + l a (d) (g) + A a{i) (g) 

= "V(i)(fiO + m a{ 2)(g) H h m a{k) (g) + Z^O) + ^(fc+i) (#) H h l a (d)(g) 

> «V(2)(#) + + i(r(fc)(5) + ^(fc+i)(5) H 1" k(d)(flO 

d 

= "V(l)(ff) +Z r (d)(5) +^2 m T(r)(g) = U(g,d) 

r=l 

where the last line relies on the fact thats that l T u)(g) = K(i){g) = an d by our choice of k, 

d d d d 

^2m T(r) (g) = ^m a{r) {g) = ^l a{r) (g) = ^l a{r) (g). 

r=l r=l r=l r=k 

Case 3. When j = d — 1 we differentiate between 2 < i < d — 1 and i = d. Recall that 
fa{g) = U{g,i)- 

First let 2 < i < d — 1 and recall that l T (d)(g) = l a {i){g) = by assumption. In this case, 
fr{g, d-l) = m r{1) (g) + m r{2) (g) + h m r((i „ 1) (5) + Z r(d _ 1) (5) + Z r(d) (5) 

= m a(2) (5) h — + m*{d) (g) + ia(d) (g) ■ 

Additionally, we are assuming that A a u\ > A a ^ . Writing out this inequality and canceling identical 
terms from both sides of the inequality yields 

(g) + l a(i+i) (g) H k(d-l) (g) > {g) + m a{i+1) (g) + m CT( j +2 ) (<?) H h "V(d) (5) • 

Hence, 

/o-Cffji) = m^)^) +m a( 2)(g) H hm^fe) + k(i)(flO H r-Z^Cff) 

> H H m a{ i)(g)) + (m^^) + m^j+i)^) + m^^j) H h m^ d) (g)) + ^(5) 

> «V(2)(sO H h m a(d) (g) + ^(3) 

= m T (i)(ff) + m T{2 ){g) -\ hm T (d-i)(g) + l T (d-i)(g) + K{d){g) = fAg,d- l). 

Now assume that i = d. In this case, 

d 

/cr(ff,d) = n*<7(l)(p) + ^(£0(5) + ^ m o-(i)(flO 

r=l 

> m a( 2)(g) H h m a{d) (g) + ^(5) 

= m T( i)(t?) + m r{2) (g) H h m T ( d _i)(t?) + i r ( d _i)(p) 

= "V(i)(&) + ™ T ( 2 )(g) H h m T ( d _i)(t7) + l T ^i)(g) + Z r (<i)(flO = f T (g,d- 1). 

□ 



If 5 S r d (g) is nontrivial, let 9 5 = {cr e T ld \f(g) = f a (g)}, and let 9^ = {a G 9 s |Z CT(1 )(g) / 0}. 
Then Lemma H] has the following corollary. 

Corollary 5. If g € 1^(17) 2s not the identity element, then Q' g is not empty, that is, there exists 
a G T, d such that f(g) = f a (g) and l a (i)(g) / 0. 
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Proof. Suppose that x S & g , and l x m(g) = 0. Let k be defined as in Lemma [3l Applying Lemma 
U k — 1 times, we obtain the corollary. 

□ 

Lemma 6. Let g G Ta(q) and a G iwii/i m a ^(g) = l a (d)(g) = 0. Define r G suc/i t/iat 
r(i) = cr(i - 1) /or i > 2, and r(l) = cr(d). Then f a (g) = f T (g). 

Proof. One directly verifies, using arguments as in the previous lemma, that f a (g,i) = frig,i + 1) 
for 2 < i < d - 1, and /«,(<?, d) = f T (g, 2). □ 

We immediately obtain the following corollary. 

Corollary 7. If g G Td(q) is not the identity element, there exists a G Q g such that either l a {d)ig) ^ 
orm a{d) {g) / 0. 

The next proposition uses the above lemmas and corollaries to prove that the function / satisfies 
the third property of Lemma [TJ 

Proposition 8. Let g G ^diq) be a nontrivial group element, and let f(g) be as in Definition^ 
Then there exists s G Sd, q with figs) =/(<?) — 1. 

Proof. If g G Sd, q , that is, g is a generator of Td(q), then it is easy to see that f(g) = 1 and choosing 
s = g , that figs) = and the condition of the proposition is satisfied. From now on we assume 
that g ^ Sd, q and hence for any s G Sd, q we know that gs is nontrivial. 

Let x be the vertex in DLd(q) identified with g; recall that we write H(g) for LT(x). 

Case 1. There exists a G @ g with l a (d){g) ^ 0. If in addition l a m(g) > 0, or l a (i){g) = Tn a n)(g) = 
0, choose s to be any generator corresponding to an edge of type e^) — e CT ( rf ) . If l a n\ (g) = and 
m a(i)(9) > 0) let w De the vertex in T a ^ adjacent to x a ^ on the unique shortest path from 
to a^i). Choose s to be any generator of type e^) — e a ( d ) so that if z is the vertex in DLd(q) 
identified with gs, then z a m ^ w. Then we have: 

(1) {™<j(d){gs),i„(d){gs)) = {m^ d ){g),h(d){g) - i), 

( 2 ) {ma(i){gs),la(i){gs)) = ("V(i)(5),Z<r(i)0) + 1), and 

(3) {m a ( i) {gs),l (j{ i ) {gs)) = {m aii) (g),l a(i) {g)) for i ^ l,d. 

But this implies that A a u^ (gs) = A a ^ (g) for every 2 < i < d, and hence 

fa(gs) = m a m(gs) + U d )(gs) + max A a{i) (gs) 

= m a m(g) + {l a (d){g) ~ 1) + max A a u) (g) 

= Ug) - 1- 

First we note that the inequality f(g) — 1 > figs) is fairly easy to verify, since f(g) — l = f a (g) — l = 
fa{gs) > frigs) for any r G 9 9S . Hence /(#) - 1 > /(gs). 

Now for any r G S d , m T ^(gs) = m T ^(g) for every 1 < i < d, l T (i)igs) / K(i)ig) for only two 
choices of i, and in addition, for one of these values, l T (i)igs) = l T (i)ig) ~ 1 an d for the other, 
l T (i)igs) = l T [i)ig) + 1. Since for any value of i, l T u\(g) (respectively l T (i)igs)) appears at most 
in the formula for f T (g,i) (respectively f T igs,i)) this implies that frig) — 1 < frigs). Thus for 
r G @g S , figs) = frigs) > frig) -1 > f(g)-l, so f(gs) > fig) -I as well. Hence, figs) = f(g)-l, 
as desired. 
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Case 2. For every x £ ®g ; we assume that l x u)ig) = 0. Applying Corollary [7] we may choose 
a £ Q g so that ttvm) (<?) ^ 0. 

Let u> be the vertex in T a u\ adjacent to x a u) on the unique shortest path from o a u) to x a tj\, and 
let n be as defined in Lemma Choose the generator s G S d ,q of type — e a ^ so that if z is 
the vertex in DL^iq) identified with gs, then z c u\ = w. Then we have, for the pair a and s: 

(1) (m a{ d)(gs),la(d)(gs)) = (m a{ d)(g) - Uo-(d)(5)), where we note that l a ( d )(gs) = l a (d)(g) = 0, 

(2) (m a{ n)(gs),la(n)(gs)) = (m CT ( n ) (g) , l a (n) (g ) - 1), and 

(3) (m a{ i)(gs),l a (i)(gs)) = (m a (i)(g),l a ^(g)) for i ^n,d. 

For the above choice of a and s, we claim that f a (gs) = f a (g) — 1- Applying Lemma[3]to g we see 
that 

fa(g) =m a m(g) +U d )(g) +„ max A^y). 

As the only index for which l a (i)(gs) ^ la(i)(g) is i = n, we again see that for j > n we have 
l a (j\(gs) = 0. Applying Lemma [3] to gs, we see that 

fa(gs) = m a n)(gs) + Uqigs) + max A^ys). 

2<t<n,i=d 

It follows from the definition of s that Aj-(d)(<? s ) = Ar(d)(s) ~~ 1- Similarly, for 2 < i < n we have 
Aj-(j) (gs) = Aj(i) (5) — 1 since neither expression contains m a ^ and both contain l c t n ) ■ Hence, 

2<m=d A ^ i9s) = 2<m= d {A ^ ){9) ~ 1) = Us=A« (5) ) - L 

Combining the above reasoning, we see that 

fa(gs) = m a n)(gs) + l a (d)(gs) + max A^ys) 

2<i<n,i=d 

= m a n\(g) + l a (d)(g) + max Ar(i)(y) - 1 = / CT (y) - 1. 

Since / CT (<?) = and / (<?s) < f a (gs) it follows immediately from the fact that f a (gs) = f a (g) — 1 
that f(g 8 ) < f{g) - 1. 

To complete the proof of Proposition [8] we must show that figs) > fig) — 1. First note that for 
any x G it follows from the definition of / that / x (ys) — fxid) ~ 3- We now show that this 
inequality can be improved slightly for r G ® gs i f° r such r we will show that frigs) > /i-(y) — 2. 
Suppose to the contrary that r G Q' gs and f T (gs) = frig) — 3. This can happen in only one way, 
namely all three of the following conditions must be met: 

(1) ril) = aid), 

(2) r(d) = a in), and 

(3) m&x 2 <i<n,i=dA T (i)igs) = A T {d)igs)- 

Now r G implies that l T migs) ^ 0, but the first condition above requires that l T (i)igs) = 
la(d)ig s ) = la(d)(g) = 0, a contradiction. Thus, for all r G Q' gs , we must have frigs) > frig) — 2. 

It follows from Corollary [S] that Q' gs is not empty, so we may choose x G ®' gs - ^ X ^ ©g> then 
/x(f) > /o-(y)- Thus we have figs) = f x (gs) > / x (y)-2 > / -(t/)-2, and hence /(ys) > U(g)-1 = 
fig) — 1, as desired. 

If, on the other hand, % G 9 , we make the following claim. 
Claim. If x G Q g , there exists r G with frigs) > / T (y) — 1. 



Proposition [8] follows immediately from the Claim, as follows. Let r be as in the Claim, so that 
fr{gs) > f T (.g) - 1- Then f(gs) = f T {gs) > f T (g) - 1 > f(g) - 1, and hence f(gs) > f(g) - 1, as 
desired. 

To prove the claim, if f x {gs) > f x (g) - 1 then simply let r = %. If / x (gs) = / x (#) - 2, we use x to 
construct r € 6^ s so that f T {gs) > f T (g) — 1, as follows. 

There exist distinct u,v € {1,2, • • • , d} so that x( M ) = a {d) and x( u ) = We now show that 

1 < u < v < d. To see that 1 < u, observe that l a (d){g s ) = hut l x ^(gs) ^ since x £ hence 
<r((i) / x(l)> that is, u ^ 1. To see that v < d, observe that l a t n )(g) = l x ( v )(g) 0- Recall that 
since x £ @g> l x (d)(g) = ^' anc ^ hence v ^ d. 

Finally, we must show that u < v. Since x(l) 7^ °"(^)) "^xCi)^ 5 ) = m x(i)(50 - Also, since 
X(V) 7^ X(d), l x (d)(gs) = l x (d)(g)- Thus, in order for f x {gs) = f x (g) - 2 it must be the case that 
max2<i<dA x (i)(g) - max 2 < i < (i A x ^(gs) = 2. The only way this can happen is if max 2 <i<d A x ^{g) 
is realized by an expression which contains both m a ^(g) and l a (n)(g), that is, both m x r u \(g) and 
l x r v \(g). By the construction of the terms A x u\(g) we must have u < v for this to occur, for if 
u > v and l x r v )(g) was a term in the expression which realized max2<j<d A x n^{g), this expression 
would also contain l x i u ){g), not m x r u \(g) as required. Thus u < v. 

We now construct r € B^, which satisfies f T (gs) > f T (g) — 1. Let it and v be as above, and define 

• For £ < u let r(i) = x(i). 

• For u < i < v let r(i) = xi} + 1)- 

• For i = v let t(u) = x( n )- 

• For z > i; let t(z) = x(*)- 

We first show that r G 0g S . Since x(l) = r (l) and x(d) = r(d) we claim that for any i with 

2 < i < d we have A T ^(gs) < meLX2<j<dA x rj-\(gs). This is clearly true when i = d, since A T u) (g s ) = 
A x r d \(gs). We consider four remaining cases, and abuse our notation by writing m x r^, l x (i), and 
A^j) instead of m x u\(gs), l x ^(gs), and A x u\(gs), respectively. 

(1) Let i < u. Then 

A x(i) = m x(2) + • • • + m x{i) + l x{i) + ■■■ + l x(u) + ■■■ + l x(v) + ■■■ + l x (d-l) 
simply rearranging the terms yields 

= m x{2 ) + ■■■ + m x(i) + Z x(<) + • • • + l x („_i) + i x («+i) + • • • + + l x (u) + i x («+i) + • • • 
+ l x (d-i) 

changing to the equivalent indices for r yields 

= m r ( 2 ) H h m r (j) + Z r (j) H h J T (d-i) 
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(2) If u < i < v then 

A r(i) = "V( 2 ) H h m r(u) H h m r(i) + Z r(i) H h Z r ( d _i) 

= m x{2) + ■■■ + m x(u _i) + m x(u+1) + • • • + m x(m) + Z x(m) + • • • + l x(v) + Z x(li) 

+ l x ( v +i) H H fx(d-i) 

adding in the "missing" term rn x ^ = > and omitting l x [ u ) = yields the inequality 

< m x (2) H 1" + m x(«-i) + m x(«) + m x(«+i) H 1" m x(«+i) + Z x(i+i) H 

+ 1 X ( V ) + H 1- ^x(d-i) 

= A X (i+l)- 

(3) If « = v then recall that r(t>) = x( u ) = Note that t(v — 1) = by the definition of 
t. Then 

i4 r („) = m r ( 2 ) H h m r ( tt _ij + m r ( u ) H + m r ( v _i) + m T ( c ) + Z T ( V ) H h £ r (<z-i) 

= ™ X (2) + • • • + m X (u~l) + m X («+l) + • • • + m X (v) + m x(«) + Z X(«) + l x(v+l) + ■■■ + l X (d-l) 

rearranging the existing terms, omitting l x ( u ) = and adding in the term 
l x i v \ yields the inequality 

< m x{2 ) + ■■■+ "T- X («-l) + m x(u) + m x(v) + l x(v) + ■■■+ l x(d-l) = A X (v)- 



(4) Let i > v. Then 

A xd) = m x(2) + • • • + m x{u) + ■■■ + m x{v) + ■■■ + m x(i) + l x[i) + h l x (d-i) 

rearranging the existing terms yields 

= m x (2) H 1- m x (u-i) + m x (u+i) H H m x („) + m x(u) + m x(t , +1) H h m x(i) 

+ / x(i) H + l x {d-i) 

= A r(i)- 

Combining these cases we see that for all 2 < i < d we have A T ^{gs) < max 2 <j<d A x rj\(gs). Thus 
/r(ps) < fx(gs) = f{gs) and hence f(gs) = f T {gs), that is, r € 6 5S . Now since x G @g S) this 
implies that l x ^(gs) ^ 0. But r(l) = x(l)i so ^-(i)(<7 s ) 7^ as well, and hence r € 0^ s . 

Finally, it remains to show that f T (gs) = f T (g) — 1. Recall from the definition of r that t(v) = 
x(u) = cr{d) and r(« — 1) = = o'(n). Additionally, recall from the choice of s that 

(1) ("V(d)(ff s )>k(d)(# s )) = (rn a{d) (g) - l,l a ( d) {g)), 

(2) ("»«r(n)(0*)»J«r(n)(0s)) = ("»«,(„) (d),l<r(n) (s) ~ 1), 

(3) {m a{ i ) {gs),l a{ i ) {gs)) = {m a{i) (g),l a{i) (g)) for i^n,d. 

Comparing A T ^(gs) and A^^g) for all possible values of i shows that for all i, A T u\(gs) = 

A r(i)(g) - 1- 

From the definition of r we see that 

m T{i)(g) = m x(i)(f) = m x(i)(f s ) = m r(i)(5's) 

and 

K{d){g) = l x {<i){g) = l x(d)(gs) = i T {d){gs)- 

Thus fr(gs) = f T (g) — 1) which concludes the proof of the Claim, and hence Proposition [H □ 
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4. Comparing word length in F d (q) and distance in the product of trees 



As the Diestel-Leader graph DL d (q) is a subset of the product of d trees of valence q+l, it is natural 
to compare the word metric on the Cayley graph DL d (q) to the product metric on the product 
of trees. This product metric assigns every edge length one, and simply counts edges in each tree 
between the coordinates corresponding to two different group elements. It is a straightforward 
consequence of the word length formula that these two metrics are quasi-isometric. In Corollary 
[TOl below we extend the word length function / to compute the the distance in the word metric 
(with respect to the generating set S d (q)) between arbitrary group elements. We conclude with a 
corollary which constructs a family of quasi-geodesic paths from the vertex corresponding to the 
identity to that corresponding to any group element. 

Theorem 9. Let 1(g) denote the word length of g € F d (q) with respect to the generating set S dtq 
and dx{g) the distance in the product metric on the product of trees between g in DL d (q) and e, 
the fixed basepoint corresponding to the identity in T d (q). Then 

\dr{g) < Kg) < zd T (g) 

that is, the word length is quasi-isometric to the distance from the identity in the product metric 
on the product of trees. 



Proof Let 11(5) = ((mi, h), (m 2 , Z 2 ), • • • , (m d , l d )). It follows that d T {g) = Ya=i m i+k = 2 Ya=i m i- 
Using the word length formula from Section El we see that for some a £ S(d), 



Kg) = U{g) = («V(i) + l^) + ma ?. A^) < ^ m + ^ k + ^ m, + ^ k = 2d T (g). 

\i=l i=l / i=l i=l 

To obtain a lower bound, note that 



1(g) = min f a (g) = min(m CT(1) +U d ) + max A^^g)) 

cr&^d crgEj 2<i<d 

> min (max A n ( i \(q)) 

But for every a G E d , max 2 <i< d A a ^(g) > A^ d) (g) = Y,i=i m h so 

d 1 
Kg) > J2 m i = ^d T (g). 

i=l 

Combining these inequalities proves the theorem. □ 

The first corollary to Theorem [9] requires us to extend the techniques of Section [3] in order to 
compute the distance in the word metric between arbitrary group elements. 

Corollary 10. Let g,h € F d (q) and let dx(g,h) denote the distance between the two vertices in 
DL d (q) corresponding to g and h with respect to the product metric on the product of trees. Then 

\d T (g,h) ^Kg^h) <2d T (g,h). 
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Proof. In Section [3] we show that 1(g) = f(g) for the function / defined there. The calculation 
of the value of f(g) depends only on the coordinates of H(g) = ((mi(g),li(g)), ■ ■ ■ , (m d (g) , l d (g))) . 
Recall that if g corresponds to the vertex (gi, . . . ,g d ) in DL^iq), then for 1 < i < d, 

(mi(g)Ji(g)) = (d Tl (oi,Oi X gi),d Ti (gi,Oi X gi)), 

where (01, . . . ,o d ) is the vertex in DL d (q) corresponding to the identity element of T d (q). Define 
an analogous relative projection function Tl h (g) = ((m h> i(g) , l hiX (g)) , (m h>d (g),l h>d (g))), where 
for 1 < i < d, 

(m hi i(g),l hii (g)) = (d Tl (hi,hi X gi),d Tl (gi,hi X gi)). 

Now define fh(g) as in Section [3j replacing 11(g) with IL^g). Since the proof that 1(g) = f(g) is 
strictly combinatorial, the arguments in Section [3] then imply that fh{g) computes the word length 
of g~ l h with respect to the generating set S d ^ q , and the Corollary follows directly from Theorem 
El □ 

The component of the word length function which computes the maximum of the quantities A a ^ 
over a € presents a combinatorial obstruction to writing down a family of geodesic paths 
representing elements of T d (q). The symmetry present in the Diestel-Leader graphs gives rise to 
a natural family of paths described by edge labels, with the property that any path with these 
edge labels is a quasi-geodesic path in the Cayley graph DL d (q). While it is often not difficult 
to write down a family of quasi-geodesic paths in a Cayley graph, the paths we describe are very 
natural paths to traverse and the construction is valid when the trees are permuted, capturing the 
symmetry of the Diestel-Leader graphs. 

Let g € T d (q) have projection 11(g) = ((mi, 1%), (ma, fa), ■ ■ ■ , (m d , Id))- Consider the sequence of 
edge labels 

(e d - ei ) mi (e d - e 2 ) m2 • • • (e d - e d ^) m ^ (e x - e d ) h (e 2 - e d / 2 • • • (e^ - e d ) 1 ^ (ei - e d ) a (e d - ei)'" 

where a = m d + (m\ H hm^-i) — (h H Md-i) = m<d + Ef=i m-m d ) - (Xa=i mi-Id) = Id- 

We claim there is such a path £ g from the basepoint o to the point identified with g in DL d (q); 
in general, there are many possible choices of path with the above edge labels. Moreover, this 
construction holds under permutation of the trees T\,Ti, ■ ■ ■ T d . 

Corollary 11. Let g £ T d (q) and C g any path from e to 7 with edge labels as listed above. The £ g 
is a quasi- geodesic path. 

Proof. The corollary follows from combining Theorem El and Corollary 1101 and checking that for any 
two points hi and /12 along ( g the distance between them along the path Q is coarsely equivalent 
to the distance between them in the product metric on the product of trees. □ 

5. Dead end elements 

An element in a group G with finite generating set S which corresponds to a vertex x € T(G, S) is 
a dead end element if no geodesic ray in T(G, S) from can be extended past x and remain geodesic. 
Intuitively, the depth of the dead end element g is the length of the shortest path in T(G,S) 
from g to any point in the complement of the ball of radius 1(g). Both the existence of dead end 
elements and their depth are dependent on generating set; in |llj an example is given of a finitely 
generated group which has dead end elements of finite depth with respect to one generating set, 
and unbounded depth with respect to another. Theorem 1121 below generalizes the main result of 
[31 H] , namely that T3 (2) has dead end elements of arbitrary depth with respect to a generating set 
similar to S^- 
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Definition 2. An element g in a finitely generated group G is a dead end element with respect to 
a finite generating set S for G if 1(g) = n and l(gs) < n for all generators s in SU S^ 1 , where 1(g) 
denotes the word length of g G G with respect to S. 

Definition 3. A dead end element g in a finitely generated group G with respect to a finite gener- 
ating set S has depth k if k is the largest integer with the following property. If the word length of 
g is n, then l(gs\S2 ■ ■ ■ s r ) < n for 1 < r < k and all choices of generators G S U S^ 1 . 

The goal of this section is to prove the following theorem. 

Theorem 12. The group T d (q) has dead end elements of arbitrary depth with respect to the gen- 
erating Set Sd : q- 

The outline of the proof of Theorem 1121 mimics the outline of the proof in [31 U] showing that 1^(2) 
has dead end elements of infinite depth with respect to a generating set similar to 632- However, 
the details of the proofs are quite different. In [3JH] the lamplighter model of an element of T d (q) 
is used to compute word length and analogous lemmas to those below. This model extends the 
well-known lamplighter model of an element in L n = Z n I Z (due to Jim Cannon) in which a group 
element of L n is visualized using a bi-innnite string of multi-state light bulbs placed at integer points 
along a number line along with a "lamplighter." Then g G L n corresponds to a finite collection of 
illuminated bulbs and an integral position of the lamplighter. However, in ^(2) the "lampstand" 
(analogous to Z for L n ) consists of three bi-innnite rays, and the illuminated bulbs are obtained 
using a series of relations derived from Pascal's triangle modulo 2, and the "lamplighter" moves 
over a Z x Z grid. A precise extension of this model to describe elements of T d (q) for d > 3 seems 
ambiguous. The proofs given below rely instead on the geometry of the Diestel-Leader graphs, and 
their inherent symmetry. 

Begin by defining, for any n G Z + , the set 

H n = {g€ F d (q) I 11(g) = ((mx(g),h(g)), (m 2 (g)M(g)), ■•• , (m d (g),l d (g))) 
with < mi(g) < n and < h(g) < mi(g) + n for all 1 < i < d}. 
In the two lemmas below, we show that the word length of any point in H n with respect to S d q is 
bounded, and a set of vertices in H n at maximal distance from the identity is described. Proofs of 
both lemmas follow easily from the wordlength formula proven in Section [3l 

Lemma 13. If g G H n then 1(g) < (d + 2)n. 

Proof. Let g G H n with 11(g) = ((mi, h), (m,2, h), ■ ■ ■ > (?^d> Id))- Choose o G T, d so that l a n) > 
^o-(2) > • • • > lcr(d)- We claim that m a n\ + A a u^(g) + l a (d) ^ + 2)n for every 2 < i < d, hence 
fa(g) < (d + 2)n. It then follows from the word length formula that 1(g) < f a (g) < (d + 2)n. 

Choose k so that l a {k) > n i but l a (k+i) < n, and k = if l a u\ < n for every i. Since 

d d 

= ^2 m a(i)(g) < dn, 
i=l i=l 

it follows that k < d. Furthermore, we claim that + • • • l a (d) — (d — i + l)n for 1 < i < d. This 
is clear if i > k + 1, since then each term in the sum is less than n. But if 1 < i < k + 1, then 
k(l) H i<r(i-l) > (« - l ) n , so H l a (Q <dn- (-i + l)n = (d - i + l)n. 

For 2<j<d-l, we see that m a{1) +A aU) (g)+l a{d) = Y% =1 m^j+Etj < U)n+(d-j+l)n = 
(d + l)n. But A a (d)(g) = Yn=i m a(d) < dn, and hence m u{l) + A^ d) (g) + < (d + 2)n. Thus, 
m^n) + A a u\(g) + l a (d) ^ (d + 2)n for every 2 < i < d, as claimed, and the lemma follows. □ 
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The next lemma follows immediately from the word length formula of Section [3] 
Lemma 14. If g n £ H n andH(g n ) = ((n,n)(n,n) • • • (n,n)) then 1(g) = (d + 2)n. 

The proof of Theorem [12] follows easily from Lemmas [13] and [T4l 

Proof of TheoremMSX Let g n £ ff n be any element with H(g n ) = (( n , n)(n, n) ■ ■ ■ (n, n)). In Lemma 
[141 it is shown that 1(g) = (d + 2)n. It follows immediately from Lemma [13] that g n is a dead end 
element, as all vertices adjacent to g n lie in H n . 

To see that the depth of g n is at least n, note that the length of a path from g n to a point outside 
H n must contain a subpath of at least n edges. Thus the depth of g n is at least n and we conclude 
that Td(q) has dead end elements of arbitrary depth with respect to the generating set S^q- □ 

6. Cone types and geodesic languages 

We now prove that T d (q) has no regular language of geodesies with respect to the generating set 
Sd, q , that is, there is no collection of geodesic representatives for elements of Td(q) which is accepted 
by a finite state automata. The existence of a regular language of geodesies for a finitely generated 
group G is equivalent to the finiteness of the set of cone types of G. It is a well known theorem in 
computer science that a language is regular if and only if it has finitely many distinct left quotients. 
In the case of a geodesic language, the left quotients are exactly the cone types. We prove that 
Td(q) has infinitely many cone types with respect the generating set S^q, and it follows that Td(q) 
has no regular language of geodesies with respect to Sd,q- 

We begin by defining the cone and the cone type of an element g £ G, where G is a group with 
finite generating set S. Cannon defined the cone type of an element w £ G to be the set of geodesic 
extensions of w in the Cayley graph T(G, S). [2] 

Definition 4. A path p is outbound if d(l,p(t)) is a strictly increasing function oft. For a given 
g £ G, the cone at g, denoted C'(g) is the set of all outbound paths starting at g. Define the cone 
type of g, denoted C(g), to be g~ 1 C'(g). 

This definition applies both in the discrete setting of the group and in the one-dimensional metric 
space which is the Cayley graph. A subtlety is that if the presentation for G includes odd length 
relators, then the cone type of an element in the Cayley graph may include paths which end at the 
middle of an edge. If the presentation for G consists entirely of even length relators, then every 
cone type viewed in the Cayley graph consists entirely of full edge paths. We refer the reader to 
[TP] for a more detailed discussion of cone types. 

Theorem 15. The group Tj(q) has infinitely many cone types with respect to the generating set 

Sd,q- 

The following corollary is an immediate consequence of Theorem [15] 

Corollary 16. The group Tj(q) has no regular language of geodesies with respect to the generating 
set S d>q . 

We begin with a lemma stating sufficient but not necessary conditions on a £ which ensure that 
f(g) = f a (g)', this lemma will be extremely useful in the the proof of Theorem 1151 as realizing when 
f(g) = f a (g) for a particular g £ ^d(q) and a £ can be quite difficult. Recall that we identify 
g £ Fd(q) with the vertex x € DLd(q) corresponding to it, and abuse notation by writing 11(g) for 
II(x). 

15 



Lemma 17. Let g G F d (q) have projection 11(g) = ((m 1 (g),l 1 (g)), (m 2 {g),h{g)), ••• , {m d (g),l d (g))) . 
If a G T, d satisfies 

(1) min reSd m r(1 )(g) + l T ( d )(g) = m a{ x){g) + l a ( d ){g), and 

(2) max 2 < i < d A .(j)(5) = A^ d) (g) 

then f(g) = f a (g). 

Proof. Let a be as in the statement of the lemma, and r any element of T, d . It is always true that 
max 2 <K d A T ^ (g) > A T ^(g), and that m r{l) (g) + l T ( d) {g) > m a (i){g) + l a (d){g) by the choice of a. 

Hence 

fr(g) = m T m(g) + l r {d){g) + max4(i)(ff) 
> m CT (i) (5) + / CT(d) (3) + (5) 

= "V(l)(» + Z .(d)(fl') + Ax^SO 

= fa(g). 

Thus by the definition of f(g) we must have f(g) = f a (g). 

□ 

To prove Theorem [15] we define a sequence of elements {g n } so that there is a geodesic path of 
length n from g ra terminating at a dead end element, and so that no shorter geodesic path from g n 
reaches any other dead end element of the group. Thus each g n lies in a different cone type, and 
the theorem follows. 

Proof of Theorem\15[ Let g n for n G Z + be any element with projection 

Ii(g n ) = ((2n, 3n), (3n, 4n), (4n, 5n), (5n, 6n), • • ■ , ((d — l)n, dn), (dn, 3n), (2n, n)) . 
We first show that f(g n ) = fe(gn) where e is the identity permutation, and specifically that f(g n ) = 

3n + EiU m i(fn)- 

First note that min reSd m T(1) (g n ) + l T ( d )(g n ) = 3n = m e{l) (g n ) + l e ( d )(g n )- Second, consider 
A e ( d )(g n ) = 2n + Y^ d j=2^ n = 4n + X]j=3.7 n an d compare this value to A e ^(g n ) for i ^ d. When 
2<i<d-l, 

^e(i)(fn) = ["^(Sn) + »™3(0n) H 1" + [Zj(c/ n ) H h id-l(fifn)] 

= [3n + 4n H (i + l)n] + [(f + 2)n H h dn + 3n] 

= 3n + ^ jn < 4n + ^ jn = A e{d) (g n ). 

i=3 i=3 

When i = d - 1 we see that Ai_i(<? n ) = 3n + Y^j=d,3 n < 4n + ]T]j=3.7 n = A(d)G7n)- It then 
follows from Lemma [T71 that f(g n ) = fe{gn) = 3n + Yli=i m i(9n)- We note for later use that 
- 4:(i)(0n) = n when « / d. 

Let /i n be any point connected to g n by a path of length at most n in DL d (q). Then h n has 
projection 

n(/in) = ((2n, 3n — ri), (3n, 4n — r2), (4n, 5n — r%), (5n, 6n — r±), ■ ■ ■ 
((d - l)n,dn - r rf _ 2 ), (dn,3n - r d _i), (2n,n - r d )) 
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where the r\ satisfy: 
(!) Yn=\ r i = °) and 

(2) the sum of the positive is at most n; hence the sum of the negative rj is at least — n. 

We first calculate f(h n ), again using Lemma [T71 Note that for any r € Y> d , 

min m T m (K) + l T (d)(h n ) = 3n - r d = m e m(h n ) + l e ( d )(h n ) 

and that In < 3n — r d < An. Moreover, A e ^(h n ) = A e ^(g n ). We compare A e u\(g n ) and A € ^(h n ) 
for i ^ d, and see that 

Ae(j) (^-n) = 3n + 4n H + (i + l)n + (i + 2)n - n + (i + 3)n - r i+ i H (in - r rf _ 2 + 3n - r rf _x 

= 4:(i)(0n) - (n H h r d _i) < A e{i) (g n ) + n. 

Above we saw that A t fj\ {g n ) — ^e(i) (9n) = n for 2 < i < d. Combining this with the above inequality 
yields 

A € (i){h n ) < A t{i) (g n ) + n = A t{d) (g n ) -n + n = A e{d) (g n ) = A t{d) (h n ) 
and hence max2<j<d A e ^(h n ) = A e ^(h n ). Lemma [T71 then implies that 

f(K) = fe{K) = 3n - r d + A t{d) (h n ). 

Now choose h n to be a point of the above form which is connected to g n by a path of length 
at most n — 1. We show that h n is not a dead end element by exhibiting a generator s so that 
f(h n s) = f(h n ) + 1. Let s E S d ,q be a generator corresponding to an edge of type — ei emanating 
from h n , so that 

TL(h n s) = ((2n, 3n — r\ — 1), (3n, 4n — r2), (4n, 5n — r3), (5n, 6n — r4), • • • 
• • • ,({d- l)n, dn - r d _ 2 ), (dn, 3n - r d _i), (2n, n - r d + 1)) 

As the ordered pairs in the projection are unchanged between Ti(h n ) and U(h n s) except in the 
second coordinate of the first and last ordered pairs, it is still the case that max 2 <j< £ ; A € ^(h n s) = 
A e f d )(h n s). Note as well that 

min m T m(h n s) + l T{d) (h n s) = 3n - r d + 1 = m e m(h n s) + l e i d )(h n s). 

The maximum value of 3n — + 1 is 4n; it may be possible to achieve a value of An using another 
permutation in T, d , but if 3n — r d + 1 = 4n, the value of m T ^(h n s) + l T ^(h n s) can never be 
less than 4n with any non-identity permutation. Thus we can achieve the minimum value of this 
quantity using e. Lemma [T71 now implies that f(h n s) = f e (h n s) = 3n — r d + 1 + A e ^(h n s) = 
3n — r d + 1 + A e ( d }(h n ) = f(h n ) + 1 and thus h n is not a dead end element in T d (q) with respect 
to the generating set S dtq . 

We now show that there is a geodesic path of length n from g n which terminates at a dead end 
element which we denote g n ,n- Namely, consider any path of length n originating at g n with the 
property that the i-th point on the path, denoted g n ^, has projection 

n(g n ,i) = ((2n, 3n — i), (3n, An), (An, 5n), (5n, 6n), • • ■ , (((f — l)n, (in), ((in, 3n), (2n, n + f)) 

for 1 < i < n. Letting r\ = i, r d = —i and rj = for 1 < j < d, the above argument implies that 

f(9n,i) = fe(9n,i) = 3n-r d + A tlyd) (g n ^) = 3n - r d + 4 e (d)(5n) = f(g n ) -r d = f(g n ) + i 

and hence this path is geodesic. 

We now show that the endpoint g n ^ n of this path, which has projection 

n(g n ,n) = ((2n, 2n), (3n, 4n), (4n, 5n), (5n, 6n), • • • , ((d — l)n, (in), (dn, 3n), (2n, 2n)) 
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is a dead end element in T d (q) with respect to the generating set Sd, q - 

We know that f(g n ,n) = 4n + A e ^ (ffn,n) ■ Let s G S^g be any generator so that g n , n s / g n ,n-i- We 
must show that f(g n ,n s ) — f(9n,n)- Since k(g n ,n) > for all i, there must be indices j ^ k so that 

(1) (mj(g n>n s),lj(g n)n s)) = {mj(g n , n ),lj(g n , n ) + 1), 

(2) {m k (g n , n s),l k {g n ,ns)) = (m k (gn,n) , h{,9n,n) ~ 1), and 

(3) {m r (g n ^ n s),l r {g n , n s)) = {m r (g n , n ),lr{g n ,n)) for r / j, fc. 

Case 1: k = d. Using the identity permutation e, note that 

min m T m(g n>n s) + U d )(9n,ns) = An - 1 = m e m(g n , n a) + l e ( d )(g n ,ns) ■ 

It may now be the case that A t u^(g n ^ n s) = A e ({\(g n}Tl ) + 1 for some i; however, it is always true that 
for 2 < % < d - 1 we have A tly{) (g n ^s) < A e ^(g n>n ) + 1. Since A e ^(g njTl ) - A t{i) (g n ^ n ) = n, we see 
that for 2 < i < d - 1 

A(i)(9n, n s) < A e (i-)(g n)n ) + 1 < A e ^{g ntn ) + n = A e ^(g n>n ) = A e(ytI) (g n , n s) . 

It then follows from Lemma[[7]that f(g n , n s) = fe(g n , n s) = 4n-l+A e ^(g n>n s). Since A e ^ (g n , n s) = 
A(d)(9n,n) we see that f{g n , n s) = f(g n ,n) ~ 1- 

Case 2: k = 1. Replacing e with the permutation cr = (1 d) G E^, the argument in Case 1 shows 
that f(g n>n s) = f a (g n , n s) = f(g n ,n) ~ L 

Case 3: 2 < k < d — 1 and j ^ d. First note that 

min m T n)(g n>n s) + l T i d )(g n , n s) = 4n = mjm^a) + l e i d \(g n ,ns) 

and that ^4. e (d)(5n,n*) = A:(d)(<?n,ra)- As in the above cases, for 2 < i < d — 1 we have (9n,ns) < 
A e (i)(9n,n) + 1 and the same reasoning yields A e{i) (g n , n s) < A t{d) (g n n s). Together this shows that 
f(gn, n s) = fe(gn, n s) = 4ra + A e{d) {g n , n s). Since A e{d) (g n , n s) = A e{d) (g n:n ) we see that f(g n , n s) = 
f\9n,n)- 

Case 4: 2 < k < d — 1 and j = d. Replacing e with the permutation a = (1 d) G Ed, the argument 
in Case 3 shows that f(g n , n s) = fa{9n, n s) = f(g n ,n)- 

Combining the above four cases shows that f(g n ,n s ) — /(sVi.n) for all s G S dt g and hence g n>n is a 
dead end element in T d (q) with respect to this generating set. 

Thus, there is a geodesic path of length n from g n which terminates at a dead end element of T d (q), 
and no shorter path from g n reaches a dead end element. Hence each g n lies in a distinct cone type, 
and the theorem follows. □ 
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